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We study the chiral-imbalance and the Weibel instabilities in presence of the quantum anomaly using 
the Berry-curvature modiﬁed kinetic equation. We argue that in many realistic situations, e.g. relativistic 
heavy-ion collisions, both the instabilities can occur simultaneously. The Weibel instability depends on 
the momentum anisotropy parameter ξ and the angle (θn) between the propagation vector and the 
anisotropy direction. It has maximum growth rate at θn = 0 while θn = π/2 corresponds to a damping. 
On the other hand the pure chiral-imbalance instability occurs in an isotropic plasma and depends on 
difference between the chiral chemical potentials of right and left-handed particles. It is shown that 
when θn = 0, only for a very small values of the anisotropic parameter ξ ∼ ξc , growth rates of the both 
instabilities are comparable. For the cases ξc < ξ  1 or ξ  1 at θn = 0, the Weibel modes dominate over 
the chiral-imbalance instability if μ5/T ≤ 1. However, when μ5/T ≥ 1, it is possible to have dominance 
of the chiral-imbalance modes at certain values of θn for an arbitrary ξ .
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.The scope of applying kinetic theory to understand a variety of 
many-body problems arising in various branches of physics is truly 
enormous [1]. The conventional Boltzmann or Vlasov equations im-
ply that the vector current associated with the gauge charges is 
conserved. But till recently a very important class of physical phe-
nomena associated with the CP-violation or the triangle-anomaly 
were left out from the purview of a kinetic theory. In such phe-
nomena the axial current is not conserved. It should be noted that 
there also exist several parity-violating hydrodynamics in literature 
[2–5]. But a hydrodynamical approach requires that the system un-
der consideration remains in a thermal and chemical equilibrium. 
However, many applications of the chiral (CP-violating) physics 
may involve a non-equilibrium situation e.g. during the early 
stages of relativistic heavy-ion collisions. Therefore it is highly de-
sirable to have a proper kinetic theory framework to tackle the 
CP-violating effect. Recently there has been a lot of progress in de-
veloping such a kinetic theory. In Refs. [6–11] it was shown that if 
the Berry curvature [12] has nonzero ﬂux across the Fermi-surface 
then the particles on the surface can exhibit a chiral anomaly in 
presence of an external electromagnetic ﬁeld. In this case the non-
conservation of the chiral current Jμ can be attributed to Adler–
Bell–Jackiw anomaly [13–15]. It can be shown that if a system of 
charged fermions does not conserve parity, it can develop an equi-
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SCOAP3.librium electric current along the direction of the applied magnetic 
ﬁeld [16]. This is so called the chiral-magnetic effect (CME). It has 
been suggested that a strong magnetic ﬁeld created in relativistic-
heavy-ion experiments can lead to CME in the quark–gluon plasma 
[17–19]. Indeed the recent experiments with STAR detector at Rel-
ativistic Heavy Ion Collider (RHIC) qualitatively agree with a local 
parity violation. However, more investigations are required to at-
tribute this charge asymmetry with the CME [20,21]. The idea that 
a Berry-phase can inﬂuence the electronic properties [e.g. [22] and 
references cited therein] is well-known in condensed matter lit-
erature and it has applications in Weyl semimetal [23], graphene 
[24] etc. There exists a deep connection between a CP-violating 
quantum ﬁeld theory and the kinetic theory with the Berry cur-
vature corrections. In Ref. [25] it was shown that the parity-odd 
and parity-even correlations calculated using the modiﬁed kinetic 
theory are identical with the perturbative results obtained in next-
to-leading order hard dense loop approximation.
In this work we aim to apply the kinetic theory with the Berry 
curvature corrections to some non-equilibrium situations. We ﬁrst 
note that the results obtained in Refs. [6,25] are limited to low 
temperature regime T  μ5, where μ5 is chiral chemical poten-
tial, when the Fermi surface is well-deﬁned. Recently in Ref. [26]
it was argued that the domain of validity of the modiﬁed kinetic 
theory can be extended beyond the Fermi surface to include the 
effect of ﬁnite temperature. As expected from the considerations 
of quantum-ﬁeld theoretic approach [27–29] the parity-odd con-
tribution remains temperature independent. Using the modiﬁed- under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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tive modes in electromagnetic or quark–gluon plasmas were ana-
lyzed [30]. In such a system CP-violating effect can split transverse 
waves into two branches [31]. It was shown in Ref. [30] that one 
of the transverse branches can become unstable in a quasi-static 
limit i.e. ω  k where, ω and k respectively denote frequency and 
wave-number of the transverse wave The instability can lead to the 
growth of Chern–Simons number (or magnetic-helicity in plasma 
physics parlance) at expense of the chiral-imbalance. Similar kinds
of instabilities were found in Refs. [32–36] in different contexts.
It may be possible to observe the instability reported in 
Ref. [30] in the relativistic heavy-ion collisions. But in a realistic 
scenario the initial distribution function n0p for the strongly in-
teracting matter formed during the collision can be anisotropic 
in the momentum space. This kind of initial distribution known 
to lead to the Weibel instability of the transverse modes. In the 
context of relativistic heavy-ion collision experiments Weibel insta-
bility has been extensively studied [37–41]. The Weibel instability 
is also well-known in the condensed matter [42,43] and plasma 
physics literatures [44–46] and it can generate magnetic ﬁelds in 
the plasma. Further it should be emphasized that both the chiral-
imbalance and the Weibel instability can operate in the quasi-static 
regime. Therefore in the present work we aim to analyze the 
collective modes in an anisotropic chiral plasma and study how 
the chiral-imbalance and Weibel instabilities can inﬂuence each 
other. We believe that the results presented here will be use-
ful in studying Weyl metals and the quark–gluon plasma created 
in relativistic heavy-ion collisions. We consider weak gauge ﬁeld 
limit and assume the following power counting scheme: ∂x = O (δ)
and Aμ = O () where,  and δ are small independent parameters. 
In this scenario the Berry curvature modiﬁed collisionless kinetic 
(Vlasov) equation at the leading order in Aμ is given by [25]:
(∂t + v · ∂x)np + (eE+ ev× B− ∂xp) · ∂pnp = 0 (1)
where, v = pp , p = p(1 − eB · 	p) and 	p = ±p/2p3. Here ± sign 
corresponds to right and left handed fermions respectively. In ab-
sence of the Berry curvature term (i.e. 	p = 0) p is independent 
of x, Eq. (1) reduces to the standard Vlasov equation.
The current density j is deﬁned as:
j= −e
∫
d3p
(2π)3
[
p∂pnp + e
(
	p · ∂pnp
)
pB (2)
+ p	p × ∂xnp
]
+ eE× σ ,
where, ∂P = ∂∂p and ∂x = ∂∂x . The last term on the right hand side 
of the above equation represents the anomalous Hall current with 
σ given as follows:
σ = e
∫
d3p
(2π)3
	pnp. (3)
Using Maxwell’s equations and the linear response theory it is 
easy to write down the expression for the inverse of the propaga-
tor in temporal gauge A0 = 0 as follows,
[(k2−ω2)δi j −kik j +i j(K )]E j = [−1(K )]i j E j = iω jiext(k). (4)
Here, i j(K ) is the retarded self energy which follows from 
the expression of the induced current jμind = μν(K )Aν(K ) and 
[−1(K )]i j is the inverse of the propagator. Dispersion relation can 
be obtained by ﬁnding the poles of the propagator [(K )]i j .
Let us ﬁrst concentrate on right handed fermions with chemi-
cal potential μR . We consider the background distribution is of the 
form n0p = 1/[e(p−μR )/T + 1]. In linear response theory one is in-
terested in the induced current upto a linear-order deviation in the gauge ﬁeld. We follow the power counting scheme for gauge ﬁeld 
Aμ and derivatives ∂x as discussed earlier, and consider deviations 
in the current and the distribution function up to O (δ). Thus we 
can write the distribution in Eq. (1) as follows,
np = n0p + e(n()p + n(δ)p ) (5)
where n0p is the background distribution function in presence of 
Berry curvature, while n()p and n
(δ)
p are the perturbations of order 
O () and O (δ) around n0p . Since n
0
p contains the Berry curvature 
contribution (due to p) therefore it can also be split into order 
O (0) and O (δ) i.e., n0p = n0(0)p +en0(δ)p , where n0(0)p = 1[e(p−μR )/T +1]
is the part of background distribution function without Berry cur-
vature correction, while n0(δ)p =
(
B·v
2pT
)
e(p−μR )/T
[e(p−μR )/T +1]2 is the part 
of background distribution with Berry curvature correction. In or-
der to bring in effect of anisotropy we follow the arguments of 
Ref. [41]. It is assumed that the anisotropic equilibrium distribution 
function can be obtained from a spherically symmetric distribution 
function by rescaling of one direction in the momentum space. We 
consider that there is a momentum anisotropy in direction of a 
unit vector nˆ. Noting that p = |p|, we replace p →√p2 + ξ(p · nˆ)2
in the expression of n0p to get anisotropic distribution function. 
Here ξ is an adjustable anisotropy parameter satisfying a condi-
tion ξ > −1. It is convenient to deﬁne a new variable p˜ such 
that p˜ = p√1+ ξ(v · nˆ)2. Using this new variable one can write 
n0(0)p = 1[e(p˜−μR )/T +1] and n
0(δ)
p =
(
B·v
2p˜T
)
e(p˜−μR )/T
[e(p˜−μR )/T +1]2 .
The anomalous Hall current term in Eq. (2) will vanish if the 
distribution function is spherically symmetric in the momentum 
space. However, for an anisotropic distribution function this may 
not be true in general. Since the Hall-current term depends on 
electric ﬁeld, it can be of order O (δ) or higher. As we are in-
terested in ﬁnding deviations in current and distribution function 
up to order O (δ), only n0(0)p would contribute to the Hall current 
term. Next, we consider σ from Eq. (3) which can be written as
σ = e
2
∫
d	dp˜
v
[1+ ξ(v · nˆ)]1/2
1
(1+ e(p˜−μR )/T ) . (6)
Since v is a unit vector one can express v = (sinθcosφ, sinθ sinφ,
cosθ) in spherical coordinates. By choosing nˆ in z-direction, with-
out any loss of generality, one has v · nˆ = cosθ . Thus the angular 
integral in the above equation becomes 
∫
d(cosθ)dφ v
(1+ξcos2θ)1/2 . 
Therefore σx and σy components of Eq. (6) will vanish as ∫ 2π
0 sinφdφ = 0 and 
∫ 2π
0 cosφdφ = 0. While σz will vanish because 
of the integration with respect to cos θ variable. Consequently, the 
anomalous Hall current term will not contribute for the problem 
at the hand.
Now the kinetic equation (1) can be split into two equations 
valid at O () and O (δ) scales of distribution function as written 
below,
(∂t + v · ∂x)n()p = −(E+ v× B) · ∂pn0(0)p (7)
(∂t + v · ∂x)(n0(δ)p + n(δ)p ) = −1e ∂xp · ∂pn
0(0)
p (8)
Similarly, the current deﬁned in Eq. (2) can also split into O ()
and O (δ) scales as given below,
jμ() = e2
∫
d3p
(2π)3
vμn()p (9)
ji(δ) = e2
∫
d3p
(2π)3
[
vin(δ)p −
(
v j
2p
∂n0(0)p
∂p j
)
Bi −  i jk v
j
2p
∂n()p
∂xk
]
(10)
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handed fermions with charge e and chemical potential μR/μL as 
well as right/left handed antifermions with charge −e and chem-
ical potential −μR/μL , using the expression jμind = μν(K )Aν(K )
and Eqs. (7)–(10) one can obtain the expression for self energy, 
i j = i j+ + i j− . Here we would like to mention that i j+ and i j−
respectively denote parity-even and parity-odd parts of the self-
energy given by following equations,

i j
+(K ) =m2D
∫
d	
4π
vi(vl + ξ(v · nˆ)nˆl)
(1+ ξ(v · nˆ)2)2
(
δ jl + v
jkl
v · k+ i
)
, (11)
im− (K ) = CE
∫
d	
4π
[
i jlmkl v j vi(ω + ξ(v · nˆ)(k · nˆ))
(v · k+ i)(1+ ξ(v · nˆ)2)3/2
+
(
v j + ξ(v · nˆ)nˆ j
(1+ ξ(v · nˆ)2)3/2
)
i imlkl v j
− i i jlkl v j
(
δmn + v
mkn
v · k+ i
)(
vn + ξ(v · nˆ)nˆn
(1+ ξ(v · nˆ)2)3/2
)]
(12)
where,
m2D = −
e2
2π2
∞∫
0
dp˜ p˜2
[
∂n0(0)p˜ (p˜ − μR)
∂ p˜
+
∂n0(0)p˜ (p˜ + μR)
∂ p˜
+
∂n0(0)p˜ (p˜ − μL)
∂ p˜
+
∂n0(0)p˜ (p˜ − μL)
∂ p˜
]
CE = − e
2
4π2
∞∫
0
dp˜ p˜
[
∂n0(0)p˜ (p˜ − μR)
∂ p˜
−
∂n0(0)p˜ (p˜ + μR)
∂ p˜
−
∂n0(0)p˜ (p˜ − μL)
∂ p˜
+
∂n0(0)p˜ (p˜ − μL)
∂ p˜
]
. (13)
We would like to mention that the total induced current is, jind =
j + jδ , where j gives contribution of the order of the square of 
plasma frequency or m2D . The plasma frequency contains additive 
contribution from the densities of all species i.e. right-handed par-
ticle/antiparticles and left-handed particles/antiparticles. The cur-
rent jδ arises due to chiral-imbalance. Its contribution from each 
plasma specie, depends upon e 		p . Since e 		p can change sign 
depending on the plasma specie, CE will contain both positive 
and negative signs. Consequently a relative signs of fermion and 
anti-fermion are different in m2D and CE . After performing above 
integrations one can get m2D = e2
(
μ2R+μ2L
2π2
+ T 23
)
and CE = e2μ54π2 , 
where μ5 = μR − μL . It should be emphasized here that CE = 0
when there is no chiral-imbalance whereas m2D 
= 0. It should also 
be noted that the terms with anisotropy parameter ξ are con-
tributing in the parity-odd part of the self-energy given by Eq. (12). 
Introduction of chemical potential μ5 for chiral fermions requires 
some qualiﬁcation. Physically a chiral chemical potential implies an 
imbalance between the right handed and left handed fermion. This 
in turn related to the topological charge [17,32]. It should be noted 
here that due to the axial anomaly chiral chemical potential is not 
associated with any conserved charge. It can still be regarded as 
‘chemical potential’ if its variation is suﬃciently slow [30].
In order to get the expression for the propagator i j it is neces-
sary to write i j in a tensor decomposition. For the present prob-
lem we need six independent projectors. For an isotropic parity-
even plasmas one may need the transverse P ij = δi j − kik j/k2Tand the longitudinal P ijL = kik j/k2 tensor projectors. Due to the 
presence of anisotropy vector nˆ, one needs two more projectors 
P ijn = n˜in˜ j/n˜2 and P ijkn = kin˜ j + k jn˜i [47]. To account for parity odd 
effect we have included two anti-symmetric operators P ijA = i i jkkˆk
and P ijAn = i i jkn˜k where, n˜i = (δi j − k
ik j
k2
)nˆ j . Thus we write i j into 
the basis spanned by the above six operators as:
i j = αP ijT + β P ijL + γ P ijn + δP ijkn + λP ijA + χ P ijAn (14)
where, α, β , γ , δ λ and χ are some scalar functions of k and ω
and are yet to be determined. Similarly we can write [−1(k)]i j
appearing in Eq. (4) as
[−1(K )]i j = CT P ijT + CL P ijL + Cn P ijn + Ckn P ijkn + CA P ijA + CAn P ijAn.
(15)
Using Eqs. (4), (14), (15), one can ﬁnd relationship between C ’s 
and the scalar functions appearing in Eq. (14) as:
CT = k2 − ω2 + α,CL = −ω2 + β,Cn = γ ,Ckn = δ,
CA = λ,CAn = χ. (16)
For ξ → 0, using Eqs. (11)–(12), one ﬁnds α|ξ=0 = T , β|ξ=0 =
ω2
k2
L , γ|ξ=0 = 0, δ|ξ=0 = 0, λ|ξ=0 = −A2 and χ|ξ=0 = 0, where
T =m2D
ω2
2k2
[
1+ k
2 − ω2
2ωk
ln
ω + k
ω − k
]
,
L =m2D
[
ω
2k
ln
ω + k
ω − k − 1
]
,
A = −2kCE
(
1− ω
2
k2
)[
1− ω
2k
ln
ω + k
ω − k
]
. (17)
Scalar functions T , L and A respectively describe the trans-
verse, longitudinal and the axial parts of the self-energy decompo-
sition when ξ = 0 [30].
Using the orthogonality condition, [−1(K )]i j[(K )] jl = δil , 
[(K )] jl can be determined. Poles of [(K )] jl are given by fol-
lowing equation.
2kn˜2CACAnCkn + C2ACL + n˜2C2An(Cn + CT )
+ CT (k2n˜2C2kn − CL(Cn + CT )) = 0. (18)
Eq. (18) is the general dispersion relation and it is quite compli-
cated to solve analytically or numerically. Here we would like to 
ascertain that α, β , γ and δ appearing in C’s are same as those 
given in Ref. [41]. The new contributions come in terms of λ and 
χ which contain the effect of parity violation. The standard cri-
terion for the Weibel instability [39] is not applicable here due 
to the parity violating effect. First we note that the chiral in-
stability occurs in the quasi-stationary regime i.e. |ω|  k and if 
the initial distribution function of the plasma is isotropic then 
the chiral-imbalance modes have an isotropic dispersion relation. 
While the Weibel instability occurs due to an anisotropy in the ini-
tial momentum distribution in the plasma and the instability can 
be present in the quasi-stationary regime. We study numerical so-
lutions of Eq. (18) in quasi-stationary limit. Further we note that 
when CA, CAn = 0, there is no chiral-imbalance and one can get 
the pure Weibel modes from Eq. (18). The pure chiral-imbalance 
modes can be obtained by setting Cn, Ckn, CAn = 0 in Eq. (18). In 
order to obtain the growth-rates for the instabilities, one needs to 
solve Eq. (18) for ω. By setting ∂ω
∂k = 0 one can ﬁnd kmax for which 
the instability can grow maximally. Upon substituting kmax in the 
expression for ω and using ω = i, one can ﬁnd the growth rate 
 for the instability.
320 A. Kumar et al. / Physics Letters B 757 (2016) 317–323Fig. 1. Shows plots of real and imaginary part of the transverse dispersion relation 
for the case when the angle θn between the propagation vector k of the perturba-
tion and the anisotropy direction is zero. The modes are purely imaginary and the 
real part of frequency ω = 0. (a) shows comparison between pure Weibel modes 
(μ5 = 0) with the cases when both the Weibel and chiral-imbalance instabilities are 
present when μ5/T = 1 and ξ = 0.1, 1. (b) depicts the similar comparison when 
μ5/T = 10. It shows that by increasing μ5/T the chiral-imbalance instability be-
come stronger. (For interpretation of the references to color in this ﬁgure legend, 
the reader is referred to the web version of this article.)
Fig. 2. Shows plots of the dispersion relation when θn = π/2. The pure Weibel 
modes are known to give damping when θn = π/2. For the instances when both 
the chiral-imbalance and Weibel instabilities are present (μ5/T = 10 and ξ = 0.1, 1) 
the damping can become weaker. (For interpretation of the references to color in 
this ﬁgure legend, the reader is referred to the web version of this article.)
Figs. 1 and 2 depict a comparison between the pure Weibel 
modes (i.e. μ5 = 0) with the mixed modes i.e. when both chiral-
imbalance and momentum-anisotropy are present. Before we dis-
cus the result, it should be noted that direction between the prop-
agation vector k and the anisotropy vector nˆ is quantiﬁed by an-
gle θn i.e. k · nˆ = k cos θn where, k is magnitude of vector k. In 
Figs. 1(a)–1(b) we have considered the case θn = 0, where the val-
ues μ5/T = 1 and μ5/T = 10 correspond to the mixed modes 
while μ5/T = 0 represents the pure Weibel modes. These ﬁgures 
show that the Weibel modes become strong with increasing values 
of anisotropy parameter ξ . It can also be seen that by increas-
ing μ5/T the chiral-imbalance modes become stronger, leading to 
enhancement of mixed modes. In the discussion below we have 
obtained analytic results for ξ  1 and found a critical value ξc at 
θn = 0 such that for ξ < ξc the chiral-imbalance modes will domi-
nate while for ξ > ξc the Weibel instability can dominate. Fig. 2
depicts the case when θn = π/2. Here pure Weibel modes are 
damped which is a well known result. The damping is increasing 
with increasing ξ but it can become weaker by increasing μ5/T .It is important to note that there also exists a situation ξ  1
when the chiral-imbalance instability can play a dominant role in 
anisotropic plasma. This is because the Weibel instability growth 
rate is dependent on θn and it is possible to ﬁnd a particular value 
of θn = θnc when the growth rate of the pure-Weibel mode is close 
to zero. By setting ω = 0 in the pure Weibel dispersion relation, 
one can ﬁnd for ξ  1, θnc ∼
(
πm2D
2k2
)1/2
1
ξ1/4
. In the regime ξ < 1
but closer to unity at θn = 0, a comparison between the growth 
rates of the chiral-imbalance (ch) and Weibel (w ) instabilities is 
given in the following table:
ξ 0.6 0.7 0.8 0.9
ch
w
0.0088α3/2e μ
3
5
T 3
0.0076α3/2e μ
3
5
T 3
0.0067α3/2e μ
3
5
T 3
0.0060α3/2e μ
3
5
T 3
Thus the ratio ch
w
decreases by increasing values ξ while keeping 
μ5/T ﬁxed. This is because w increases by increasing ξ . For αe =
1
137 and μ5/T ≤ 1 one can clearly see from the table that the ratio 
ch
w
 1. Thus Weibel modes dominate in this case. However when 
μ5/T  1 chiral-imbalance modes can also dominate.
Now we consider the case ξ  1. This approximation is valid 
when the initial momentum anisotropy is weak or the Weibel 
instability has already nearly thermalized (or isotropized) the 
plasma. This may not be an unlikely scenario in the heavy-ion col-
lisions as the growth rates for the Weibel instabilities can be much 
larger than the chiral instability. In this case it is possible to evalu-
ate all the integrals in the dispersion relation analytically and one 
can express α, β , γ , δ, λ and χ up to linear order in ξ as follows,
α = T + ξ
[ z2
12
(3+ 5cos2θn)m2D −
1
6
(1+ cos2θn)m2D
+ 1
4
T
(
(1+ 3cos2θn) − z2(3+ 5cos2θn)
)]
;
z−2β = L + ξ
[1
6
(1+ 3cos2θn)m2D + L
(
cos2θn
− z
2
2
(1+ 3cos2θn)
)]
;
γ = ξ
3
(3T −m2D)(z2 − 1) sin2 θn;
δ = ξ
3k
(4z2m2D + 3T (1− 4z2)) cos θn;
λ = −μ5ke
2
4π2
[
(1− z2) L
m2D
]
− ξ μ5ke
2
32π2
[
(1− z2) L
m2D
×
(
(1+ 7cos2θn) − 3z2(1+ 3cos2θn)
)
+ 1
3
(1+ 11cos2θn) − z2(3+ 5cos2θn)
]
;
χ = ξ [ f (ω,k)] , (19)
where, z = ωk and f (ω, k) is some function k and ω. But in 
the present analysis exact form of f (ω, k) is not required. Using 
the above equations with Eqs. (16), (17) one can ﬁnally express 
Eq. (18) in terms of k and ω. One can notice from Eq. (19) that 
the most signiﬁcant contribution for γ , δ, λ and χ is O (ξ). Thus 
in the present scheme of approximation one can write Eq. (18) up 
to O (ξ) as:
C2ACL − CT CL(Cn + CT ) = 0, (20)
which in turn can give following two branches of the dispersion 
relation,
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CL = 0. (22)
Note that when CA = 0, Eqs. (21)–(22) reduce to exactly the same 
dispersion relation discussed in Ref. [41] for the Weibel instability 
in an anisotropic plasma when there is no parity violating effect. 
Let us consider Eq. (21), it can be written as:
(k2 − ω2)2 + (k2 − ω2)(2α + γ ) + α2 + αγ − λ2 = 0. (23)
This equation is a quadratic equation in (k2 − ω2) with the solu-
tion,
(k2 − ω2) = −(2α + γ ) ± 2λ
2
. (24)
Now, it is of particular interest to consider the quasi-static limit 
|ω|  k. In this limit α ∼ T , β ∼ ω2k2 L and λ ∼ −A2 . L , T
and A can be obtained by expanding Eq. (17) in the quasi static 
limit as:
T ||ω|k =
(
∓iπ
4
ω
k
)
m2D;
L ||ω|k =m2D
[
∓iπ
2
ω
k
− 1
]
A ||ω|k =
μ5ke2
2π2
(
L ||ω|k
m2D
)
(25)
Thus in the quasi-stationary limit one can write positive branch of 
the transverse modes given by Eq. (24) as:
ρ(k) =
(
4αeμ5
π2m2D
)
k2
[
1− πkμ5αe +
ξ(1+5 cos 2θn)
12 + ξ(1+3 cos 2θn)12
πm2D
μ5αek
]
[
1+ 2μ5αek
πm2D
(1− ξ4 ) + ξ cos2θn
(
1− 7μ5αek
2πm2D
)]
(26)
Here we have used ω = iρ(k) and deﬁned αe = e24π as the elec-
tromagnetic coupling. It is clear from Eq. (26) that ω is purely an 
imaginary number and its real-part is zero i.e. Re(ω) = 0. Positive 
ρ(k) > 0 implies an instability as e−i(iρ(k))t ∼ e+ρ(k)t . From Eq. (26), 
in the limit ξ → 0 and μ5 → 0 one gets ρ(k) = − 4k3πm2D . Thus 
for an isotropic plasma (of massless particles) without any chiral-
imbalance there is no unstable propagating mode when ω  k. 
This is consistent with fact that without any source of free energy 
there should not be any unstable mode.
Now let us ﬁrst consider that the quasi-static limit, |ω|  k, is 
indeed satisﬁes for Eq. (26). Since we have already assumed that 
ξ  1 and αe < 1, also for μ5  T one has μ5mD ≈ 12α1/2e
(μ5
T
)
. It is 
then rather easy to show that ρ/k  1, if the condition k2
m2D
 1 is 
satisﬁed. In this case denominator of Eq. (26) can be approximated 
to unity. Now we write the above equation as:
ρ(k) = 4
π
k2
m2D
[
αeμ5
π
− k + αeξμ5
12π
(1+ 5cos2θn)
+ ξ
12
m2D
k
(1+ 3cos2θn)
]
. (27)
Here we emphasize that when ξ = 0, ﬁrst two terms in the square 
bracket survive and Eq. (27) matches with the dispersion relation 
of the chiral instability given in Ref. [30]. When μ5 = 0, the second 
and the last term survives to give the Weibel modes considered 
in Ref. [41]. Term with αeξμ5 factor arises due to the interaction 
between the Weibel and chiral-imbalance modes.Before we analyze the interplay between the chiral-imbalance 
and the Weibel instabilities, it is instructive to qualitatively un-
derstand their origin. First consider the chiral-imbalance insta-
bility. For a such a plasma ‘chiral-charge’ density n is given by 
∂tn +∇ · j = 2αeπ E · B. From this one can estimate the axial charge 
density n ∼ αekA2 where A is the gauge-ﬁeld. Assuming that there 
are only right handed particles i.e. (μ5 ∼ μR ), the number and en-
ergy densities of the plasma are respectively given by μ5T 2 and 
μ5
2T 2. The fermionic number density associated with the gauge 
ﬁeld can be estimated from the Chern–Simon term to be αekA2. 
The number densities associated with the ﬁelds and particles have 
same value for k1 ∼ μ5T 2αe A2 . The typical energy for the gauge ﬁeld 
is A ∼ k2A2. For this particular value of k1 it can be seen that 
A = μ52T 2 T 2α2e A2 . Thus there exists a state satisfying the condi-
tion T
2
α2e
< A2 for which energy in the gauge ﬁeld is lower than 
particle energy. This leads to the chiral-imbalance instability [30,
34]. The Weibel instability arises when the equilibrium distribu-
tion function of the plasma has anisotropy in the momentum space 
[44,45]. The anisotropy in the momentum space can be regarded 
as anisotropy in temperature. Suppose there is plasma which is 
hotter in y-direction than x or z direction one may write the dis-
tribution function n0p = 1
1+e−(
√
p2x+(1+ξ)p2y+p2z )/T
. If in this situation a 
disturbance with a magnetic-ﬁeld B = B0cos(kx) arises, say from 
noise, one can write the Lorentz force term in the kinetic equation 
as e(v × B) · ∂pn0p = e[ξ(vzBx − vxBz) pyT ] 
(
−e−(
√
p2x+(1+ξ)p2y+p2z )/T
1+e−(
√
p2x+(1+ξ)p2y+p2z )/T
)
. 
This Lorentz-force can produce current-sheets where the magnetic 
ﬁeld changes its sign. The current-sheet in turn enhances the orig-
inal magnetic ﬁeld [44,45].
The Weibel instability is known to grow maximally for θn = 0. 
In the quasi-static limit the instability has maximum growth 
rate w ∼ 8ξ3/227π mD for k =
√
ξ
3 mD . For the chiral imbalance in-
stability the maximum growth rates ch ∼ 16α
3
e
27π4
(
μ5
mD
)2
μ5, oc-
cur at k ∼ 2αe3π μ5 [30]. Thus the ratio chw ∼ 2π3
(
αe
ξ1/2
)3 (
μ5
mD
)3 ∼
1
4π3
(
αe
ξ
)3/2 (μ5
T
)3, where we have used μ5mD ≈ 12α1/2e
(μ5
T
)
. The ra-
tio ch
w
becomes unity when ξc ≈ 22/3
(
αe
4π2
)(μ5
T
)2
. When μ5 ∼ T
and αe = 1/137 (QED), one can estimate ξc < 10−3. ξc will change 
if coupling varies (QCD case). Thus for ξc < ξ  1 the Weibel in-
stability can dominates over the chiral imbalance modes. However, 
it may be still possible to see the chiral-imbalance modes if we 
consider θn-dependence of the instability described by Eq. (27). In 
Eq. (27) the Weibel instability term vanishes if θn ∼ 12 cos−1(1/3) ∼
55◦ . For this value of θn the interaction term between the Weibel 
and the chiral modes becomes negative and tries to suppress the 
unstable mode. However this term is very small in comparison to 
the pure chiral term.
In Fig. 3 we plot the dispersion relation given by Eq. (26) as 
function of kN = παeμ5 k for various values of ξ which is given in 
units of ξc and the propagation angle θn . y-axis shows the Re[ω]
and Im[ω]/ 
(
4α3e μ5
3
π4m2D
)
. Note that the real part of the frequency 
Re[ω] is zero. For the case when ξ = 0 there is no Weibel mode 
and the only the chiral-imbalance can give the instability. Whereas 
322 A. Kumar et al. / Physics Letters B 757 (2016) 317–323Fig. 3. Shows plots of real and imaginary part of the dispersion relation. Here θn is the angle between the wave vector k and the anisotropy vector. Real part of dispersion 
relation is zero. (a) show plots for three cases: (i) pure chiral (no anisotropy), (ii) pure Weibel (chiral chemical potential = 0) and (iii) when both chiral and Weibel 
instabilities are present. (b)–(d) represent the case when both the instabilities are present but the anisotropy parameter varies at different values of θn for ﬁxed μ5/T = 1. 
(e)–(f) represent the case when both instabilities are present for a ﬁxed anisotropy parameter at different values of θn when μ5/T = 1 and μ5/T = 0.1 respectively. 
(g) represents the case when for a particular value of θn ∼ θc both the instabilities have equal growth rates. Here frequency is normalized in unit of ω/ 
(
4α3e μ5
3
π4m2D
)
and 
wave-number k by kN = πμ5αe k. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)when μ5 = 0, only Weibel instability will contribute. From the 
condition ρ(k) > 0, one can obtain the range of the instability 
which can be stated as:
kN = 1+ ξ (1+ cos2θn)
12
+
[(
1+ ξ (1+ cos2θn)
12
)2
+ π
2ξ (1+ 3cos2θn)
3αe
]1/2
(28)In Fig. 3(a) we have shown for θn = 0, the pure Weibel case 
(ξ = 10ξc and μ5 = 0) and the pure chiral-imbalance case (ξ = 0
and μ5 
= 0) along with the case when both the instabilities 
are present (i.e. ξ = 10ξc and μ5 
= 0). The plot shows that the 
pure Weibel modes dominating over the pure chiral-imbalance 
case. But the combined effect of both the instabilities is much 
more pronounced. The maximum growth rate and the range of 
the instability are altered signiﬁcantly for the combined case. In 
Figs. 3(b)–3(d) we study the cases where both the instabilities are 
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Summary of results.
Case θn μ5/T ξ Dominance of the instability
1 0 ∼ 1 ξ  1 Weibel will dominate
2 0 ∼ 1 ξc < ξ  1 Weibel will dominate
3 0 ≤ 1 ξ ∼ ξc  1 Both are comparable
4 θc ∼ 1 ξ < ξc Both are comparable
5 θnc can have any value ξ  1 Chiral imbalance
present and ξ and θn vary when μ5/T = 1. It is important to note 
that in this analysis we are showing the plots of the dispersion rela-
tion following the same normalization as used in Ref. [30] so that we 
can compare our results. Due to the normalization of dispersion relation 
Weibel term picks up factor μ5/T . Therefore, Weibel instability appears 
to be also dependent on μ5/T , apart from the variables ξ and θn. How-
ever, in order to take limit μ5 → 0 one need to undo the normalization 
in terms of Im[ω] and k. Fig. 3(b) shows clearly shows, for θn = 0
when condition ξ  ξc is satisﬁed, the chiral-imbalance instability 
dominates over the Weibel modes. However, such values of ξ are 
extremely small. For the cases when ξ ≥ ξc the Weibel modes are 
dominating. Contribution from the Weibel modes is maximum for 
θn = 0 and the modes are strongly damped at θn = π/2. Angular 
part in the dispersion relation for the pure Weibel modes becomes 
zero when θn ≈ 550. In this case one can see that chiral-imbalance 
modes can remain dominant. This case is shown in Fig. 3(c). It 
should be noted that for the case when ξ  ξc the contribution 
from the coupling term between the Weibel and chiral-imbalance 
modes become suﬃciently strong and it can again suppress the 
instability. In Fig. 3(d) we have shown the case when θn = π/2. 
The modes with ξ ≥ ξc are strongly damped and there is no in-
stability. Here the coupling term between the two modes also 
contribute in the damping of the instability. In Figs. 3(e)–3(f) we 
have plotted the unstable modes for ξ = 10ξc for different val-
ues of θn , when μ5/T = 1 and 0.1 respectively. When μ5/T = 0.1
(i.e. μ5  T ) the instability increases enormously. Now by com-
paring the growth rates of pure-Weibel and pure chiral imbalance 
modes, when μ5/T = 1, one can ﬁnd that they become equal 
at θc = 12 cos−1
[(
2
27
)2/3 3αe
ξπ2
− 13
]
. Fig. 3(g) represents this case 
where we have shown that the growth rate of pure Weibel case 
at ξ = 0.15ξc becomes comparable to pure chiral-imbalance mode 
with ξ = 0. The topmost (red) curve in this ﬁgure shows the case 
when both the modes operate together. This case shows that the 
combined effect of the instability can signiﬁcantly alter the range 
and the growth rate of the instability.
In conclusion, we have studied collective modes in an anisot-
ropic chiral plasma where the both Weibel and chiral-imbalance 
instabilities are present. Out of these two instabilities which one 
will dominate in a given physical situation depends upon three 
parameters, θn , ξ and μ5/T . We have demonstrated that for the 
values θn = 0 and μ5/T ∼ 1, when ξ ≥ 1, ξ < 1 but closer to 
unity or ξc < ξ  1, the Weibel modes dominate over the chiral-
imbalance instability. It was shown analytically that for θn = 0 and 
μ5/T ∼ 1, only for a very small values of the anisotropic parameter 
ξ ∼ ξc  1 growth rates of the both instabilities are comparable. 
It was also demonstrated numerically that for ξ < ξc , μ5/T ∼ 1, 
there exist a critical angle θ = θc at which the growth rates of 
two instabilities can also be comparable. We have also shown for 
the case when ξ  1, the chiral-imbalance can dominate over the Weibel modes when θ = θnc . A summary of our main results is 
shown in Table 1.
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